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Abstract
In their study of relative metric spaces, Arkhangel’skiı˘ and Gordienko introduce several relative
properties of paracompactness type. We investigate the relationships between these properties and
other relative properties of paracompactness type and answer two questions raised by Arkhangel’skiı˘
and Gordienko.
Theorem. If Y is strongly regular in X and 3 paracompact in X then Y is star normal in X.
Theorem. Y is strongly star normal in X if and only if Y is Aull paracompact in X.
Corollary. If Y is strongly star normal in X then Y is 2-paracompact in X.
Corollary. If Y is properly metrizable in X then Y is strongly star normal in X.
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several relative properties of paracompactness type based on the fully normal characteri-
zation of paracompactness. We show that for a subspace Y in a space X, Y is strongly star
normal in X if and only if Y is Aull paracompact, Theorem 16. This allows us to answer
two questions from [6,2]. If Y is strongly star normal in X then Y is 2-paracompact in X
(a positive answer to Problem 12 of [2]), Corollary 17. If Y is properly metrizable in X
then Y is strongly star normal in X (a positive answer to Problem 8 of [2]), Corollary 18.
We also investigate the relationships between these properties of relative paracompactness
type and others introduced in [1,3]. If Y is strongly regular in X and either 3-paracompact
in X or paracompact in X from outside then Y is star normal in X, Theorems 10 and 12.
If Y is star normal in X then Y is paracompact in X from inside, Theorems 11.
Throughout this paper all spaces are assumed to be Hausdorff. Suppose X is a space
and Y a subspace of X. When a set is said to be open (closed), we mean open (closed)
with respect to the topology on X even if it happens to be a subset of Y. For a set X,
x ∈ X, A ⊆ X and a collection U of subsets of X, (U)x = {U ∈ U : x ∈ U}, (U)A = {U ∈
U : A∩U = ∅}, st(x,U) =⋃(U)x and st(A,U) =⋃(U)A.
When working with properties of relative paracompactness type it is frequently neces-
sary to assume that the subspace Y is relative regular in X. The following definitions are
from [4]. The subspace Y is regular in X provided for each x ∈ Y and every closed subset
F of X\{x} there are disjoint open sets U and V of X such that x ∈ U and F ∩ Y ⊆ V .
The subspace Y is strongly regular in X provided for each x ∈ X and every closed subset
F of X\{x} there are disjoint open sets U and V of X such that x ∈ U and F ∩ Y ⊆ V .
It is not uncommon when constructing a refinement of an open cover of a regular space
X to use the regularity of X to obtain an open refinement whose closures refine the orig-
inal cover. The following lemma gives relative versions of this property that will be used
throughout the paper.
Lemma 1. If Y is regular (strongly regular) in X then for all x ∈ Y (x ∈ X) and every open
subset V of X containing x there is an open set U ⊆ V containing x such that U ∩Y ⊆ V .
For a space X and Y ⊆ X, a collection A of subsets of the space X is said to be
discrete with respect to Y provided for all x ∈ Y there is an open neighborhood U of
x that intersects at most one member of A. We say that Y is (strongly) collectionwise
normal in a space X provided for every discrete collection (collection discrete with re-
spect to Y) of closed subsets of X, F = {Fα: α ∈ Γ }, there is a collection of open
subsets of X, U = {U(F): F ∈ F} discrete with respect to Y such that for all F ∈ F ,
F ∩ Y ⊆ U(F) ⊆ X\⋃(F\{F }), [11]. Note that if Y is collectionwise normal in X then
Y is regular in X. For a closed subspace Y of a space X, Y is collectionwise normal in X
if and only if Y is strongly collectionwise normal in X.
Suppose X is a space and Y is a subset of X. A collection U is said to be locally (point)
finite on Y provided for every y ∈ Y there is an open V containing y such that (U)V is finite
((U)y is finite). Notice that if A is a collection of subsets of Y which is locally finite in the
subspace Y then A is locally finite on Y in the space X. A collection F of closed subsets
of X is said to be weakly closure reserving with respect to Y provided for all F ′ ⊆ (F)Y ,
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work with collections that are locally finite on a subset Y of a space X.
Lemma 2. Suppose Y ⊆ X and U is a collection of subsets of X locally finite on Y. Then
the collection {U : U ∈ U} is weakly closure preserving with respect to Y and locally finite
on Y .
Lemma 3. Suppose that Y ⊆ X and F is a collection of closed subsets of X weakly closure
preserving with respect to Y. If A ⊆ Y then A ⊆ X\⋃(F\(F)A). In particular, for all
y ∈ Y , y /∈⋃{F ∈F : y /∈ F }.
1. Properties of relative star normal type
Suppose X is a set, U , V collections of subsets of X and y ∈ X. The following defini-
tions are from [6]. The collection V is said to star refine U at y provided there is a U ∈ U
such that st(y,V) ⊆ U . For a space X and a subspace Y of X
(1) Y is star normal in X provided for every open cover U of X there is a collection of
open subsets of X covering Y which star refines U at every point of Y.
(2) Y is α-star normal in X provided every collection U of open subsets of X covering
Y there is a collection of open subsets of X covering Y which star refines U at every
point of Y.
(3) Y is strongly star normal in X provided every collection U of open subsets of X
covering Y there is a collection V of open subsets of X covering Y which star refines
U at every point of ⋃V .
We add an additional property to this list
(4) Y is 2-strongly star normal in X provided every open cover U of X has an open partial
refinement V covering Y which star refines U at every point of ⋃V .
Clearly strongly star normal in X implies α-star normal in X and 2-strongly star normal
in X. Also α-star normal in X and 2-strongly star normal in X both imply star normal in
X. Also if Y is 2-strongly star normal in X then Y is regular in X. However star normal in
X does not imply regular in X. It is readily seen that if Y is strongly star normal in X then
Y is strongly collectionwise normal in X but not necessarily strongly regular in X.
Lemma 4. If Y is strongly star normal in X then every collection U of open subsets of X
covering Y has an open partial refinement V covering Y such that for all V ∈ V there is
a U ∈ U with st(V ,V) ⊆ U.
This lemma suggests two more relative properties of paracompactness type related to
strong star normality in a space X. A subspace Y is said to be 1-(2-)fully normal in X
provided every open cover U of X has an open refinement (partial open refinement cov-
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ering Y ) such that for all V ∈ (V)Y there is a U ∈ U such that st(V , (V)Y ) ⊆ U. Clearly
1-fully normal in X implies 2-fully normal in X which implies 2-strongly star normal in X
and collectionwise normal in X. Also by Lemma 4, if Y is strongly star-normal in X then
Y is 2-fully normal in X.
A subspace Y of a space X can be 1-fully normal in X without being α-star normal in X,
Example 21. A subspace Y of a space X can be 2-strongly star normal in X without being
collectionwise normal in X and thus 2-fully normal in X, Example 23. A closed subspace
Y of a space X can be α-star normal in X without being 2-strongly star normal in X,
Example 20. A subspace Y of a space X can be strongly star normal in X without being
1-fully normal in X. For example, let p ∈ βN\N and X = βN\{p}. Then N is strongly
star normal in X but not 1-fully normal in X, Theorem 6. The following question remains
open. (Note that in Example 23, Y is not strongly regular in the space X.)
Question 1. If Y is 2-strongly star normal in a regular space X then is Y 2-fully normal
in X? (Can the assumption that X is regular be replaced with Y being strongly regular
in X?)
The chart in Fig. 1 gives a summary of the relationships among the relative properties
of star normal type given above.
For a closed subset of a space X the above diagram simplifies.
Theorem 5. Suppose that Y is a closed subset of a space X. Then the following are equiv-
alent:
(1) Y is 1-fully normal in X,
(2) Y is 2-fully normal in X,
(3) Y is 2-strongly star normal in X,
(4) Y is strongly star normal in X.
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(A) Y is α-star normal in X,
(B) Y is star normal in X.
Proof. Clearly (1) → (2) → (3) and (A) → (B).
(3) → (4) Suppose U is a collection of open subsets of X covering Y. Let V be an
open partial refinement of U ∪ {X\Y } covering Y (w.l.o.g. assume V = (V)Y ) such that
for all x ∈⋃V there is a Ux ∈ U ∪ {X\Y } such that st(x,V) ⊆ Ux. Since for all V ∈ V ,
V ∩ Y = ∅, for all x ∈⋃V the set Ux ∈ U . Hence V star refines U at every point of ⋃V .
(Note that the proof of (B) → (A) is essentially the same.)
(4) → (1) (Proceed as in Lemma 5.1.15 of [8].) Let U be an open cover of X and
V a collection of open subsets of X covering Y which star refines U at every point of⋃V . Let W be a collection of open subsets of X which star refines V ∪ {X\Y } at every
point of
⋃W . Let W ∈W , y ∈ W and Uw ∈ U such that st(y,V) ⊆ Uw. For each x ∈ W
let Vx ∈ V such that st(x,W) ⊆ Vx. Note that for all x ∈ W , y ∈ Vx. Thus st(W,W) =⋃{st(x,W): x ∈ W } ⊆⋃{Vx : x ∈ W } ⊆ st(y,V) ⊆ Uw. Let G =W ∪ {U\Y : U ∈ U}.
Note that (G)Y ⊆W . Hence for all W ∈ (G)Y , st(W, (G)Y ) ⊆ st(W,W) ⊆ Uw . 
Theorem 6. The subspace Y is 1-fully normal in X iff Y is 1-fully normal in X.
Proof. This follows from the fact that for any collection U of open subsets of X (U)Y =
(U)Y . 
We can now see the strong relationship between 1-fully normal in a space X and
strongly star normal in X.
Corollary 7. The subset Y is 1-fully normal in X if and only if Y is strongly star normal
in X.
2. Relationships to other relative properties of paracompactness type
The following lemma is a useful relative analog of Lemma 5.1.13 of [8].
Lemma 8. Suppose Y ⊆ X and U is a collection of open subsets of X covering Y. If there
is a collection W of subsets of X covering Y, locally finite on Y such that for all W ∈W
there is a U(W) ∈ U with W ∩ Y ⊆ U(W) then U has an open partial refinement covering
Y which star refines U at every point of Y.
Proof. Let F = {W : W ∈W}, for all y ∈ Y
Vy =
(⋂{
U(W): W ∈ (F)y
})∩
(
X\
⋃(F\(F)y
))
and V ={Vy : y ∈ Y }. Since W is locally finite on Y, by Lemmas 2 and 3, for all y ∈ Y
the collection (F)y is finite and y /∈ ⋃(F\(F)y). Thus for all y ∈ Y the set Vy is open
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and so W ∗ ∈ (F)x. Thus Vx ⊆ U(W ∗). Hence st(y,V) ⊆ U(W ∗). Therefore V is an open
partial refinement of U covering Y which star refines U at every point of Y . 
In our first use of Lemma 8 we give a simple characterization of α-star normality.
Theorem 9. Suppose Y is regular in a space X. Then Y is α-star normal in X iff Y is a
paracompact subspace of X.
Proof. (⇐) Suppose that Y is paracompact. Let U be a collection of open subsets of X
covering Y. For each x ∈ Y let Wx be an open neighborhood of x such that Wx ⊆ U and
Wx ∩ Y ⊆ U for some U ∈ U . Let W = {Wx : x ∈ Y }. Let W ′ = {W ∩ Y : W ∈W} and V
be an open (in Y ) locally finite refinement of W ′. Then V is a partial refinement of U
covering Y and for all V ∈ V, V ∩ Y ⊆ U for some U ∈ U . Thus by Lemma 8, U has an
open partial refinement covering Y star refining U at every point of Y. Hence Y is α-star
normal in X.
(⇒) Suppose Y is α-star normal in X. Let U be an open (in Y ) cover of Y. For each
U ∈ U let U∗ be an open subset of X such that U = U∗ ∩ Y. Then U∗ = {U∗: U ∈ U} is
a collection of open subsets of X covering Y. Let V be a collection of open subsets of X
star refining U∗ at every point of Y. Then {V ∩ Y : V ∈ V} is an open (in Y) barycentric
refinement of U . Hence Y is paracompact. 
The following properties of relative paracompactness type were introduced in [3]. The
subspace Y is said to be 1-paracompact in X (2-paracompact in X) provided every open
cover of X has an open refinement (open partial refinement covering Y) locally finite on Y.
The subspace Y is 3-paracompact in X provided every open cover of X has a partial refine-
ment covering Y consisting of subsets of Y open in the subspace Y (not necessarily open
in X) locally finite on Y. Note that a paracompact subspace of a space X is 3-paracompact
in X but need not be 2-paracompact in X, Example 20. Also 2-paracompactness in X
implies regular in X, [3].
Theorem 10. Suppose that Y is strongly regular in a space X. If Y is 3-paracompact in X
then Y is star normal in X.
Proof. Suppose that U is an open cover of X. For each x ∈ X choose Ux ∈ (U)x and let Vx
be an open neighborhood of x such that Vx ⊆ Ux and Vx ∩ Y ⊆ Ux. Let V = {Vx : x ∈ X}
and W be a partial refinement of V covering Y and locally finite on Y. Note that for all
W ∈W there is an x ∈ X such that W ⊆ Vx and so W ∩ Y ⊆ Ux. Hence by Lemma 8, U
has an open partial refinement covering Y which star refines U at every point of Y . 
By Theorem 9 we know that if Y regular in X and α-star normal in X then Y is 3-
paracompact in X. However a closed subspace of a regular space X can be α-star normal
in X but not 2-paracompact in X, Example 20.
Question 2. Suppose Y is star normal in X. Is Y 3-paracompact in X?
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in X or even 3-paracompact in X?
A subset Y of a space X is said to be paracompact in X from outside if there is a
paracompact subspace C of X such that Y ⊆ C. A subset Y of a space X is said to be
paracompact in X from inside if every subset of Y which is closed in X is a paracompact
subspace of X. The concepts of having a topological property from inside and outside were
introduced in [1]. Clearly paracompact in X from outside implies paracompact in X from
inside and this implication cannot be reversed and for a closed subset of a space X the two
properties are equivalent. Note that if Y is regular in X and α-star normal in X or 1-fully
normal in X then Y is paracompact in X from outside.
Theorem 11. If Y is star normal in X then Y is paracompact in X from inside.
Proof. Suppose Y is star normal in X and Z is a closed (in X) subset of Y. Then Z (and
every other subset of Y) is star normal in X. Since Z is closed, by Theorem 5, Z is α-star
normal in X and thus paracompact. 
This implication cannot be reversed, see Example 22.
Theorem 12. If Y is strongly regular in X and Y is paracompact in X from outside then Y
is star normal in X.
Proof. Suppose Z is a paracompact subspace of X such that Y ⊆ Z. Let U be an open
cover of X and for all x ∈ X let Vx be an open neighborhood of x such that for some
U ∈ U , Vx ⊆ U and Vx ∩ Y ⊆ U. Let V = {Vx ∩ Z: x ∈ Z} and W be and open (in Z)
refinement of V locally finite on Z. Then W is a collection of subsets of X covering Y,
locally finite on Y such that for all W ∈W there is a U ∈ U with W ∩ Y ⊆ U. Hence by
Lemma 8, U has an open partial refinement covering Y which star refines U at every point
of Y. Thus Y is star normal in X. 
This implication cannot be reversed. Example 32 of [10] is a regular space X having a
subspace which is 2-fully normal in X which is not paracompact in X from outside.
It is not difficult to prove the following result.
Theorem 13. If Y is strongly regular in X and 2-paracompact in X then Y is 2-strongly
star normal in X.
In [5] they give an example of a Tychonoff space X having a subspace which is
1-paracompact in X but not paracompact in X from outside and thus neither α-star normal
in X nor 1-fully normal in X.
Question 4. Suppose Y is (1-)2-paracompact in a regular space X. Is Y 2-fully normal
in X? (Can the assumption that X is regular be replaced with Y being (strongly) regular
in X?)
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U of open subsets of X covering Y has an open partial refinement covering Y locally finite
on Y, [6]. Note that this is a weaker property than α-paracompactness introduced by Aull
in [7], also see [12]. Note that Y is Aull paracompact in X then Y is 2-paracompact in X.
Lemma 14. If Y is Aull paracompact in X then every collection U of open subsets of X
covering Y has an open partial refinement V covering Y locally finite on ⋃V .
Proof. Let U be a collection of open subsets of X covering Y and W an open partial
refinement of U covering Y locally finite on Y. For each y ∈ Y let Vy be an open neigh-
borhood of y meeting only finitely many members of W . Let V = ⋃{Vy : y ∈ Y } and
V = {W ∩ V : W ∈W}. Then V is the desired open partial refinement of U . 
The following is a variation of Lemma 17 of [11].
Lemma 15. Suppose that Y is strongly collectionwise normal in X. If every collection
of open subsets of X covering Y has an open partial refinement covering Y which is the
countable union of collections discrete with respect to Y then every collection of open
subsets of X covering Y has an open partial refinement covering Y which is the countable
union of collections discrete with respect to Y and locally finite on Y. In particular Y is
Aull paracompact in X.
Proof. Let U be a collection of open subsets of X covering Y. For all y ∈ Y by regularity
in X of Y let Wy be an open neighborhood of y such that Wy ⊆ U and Y ∩ Wy ⊆ U for
some U ∈ U . Let W = {Wy : y ∈ Y } and V = ⋃{Vn: n < ω} be an open partial refine-
ment of W covering Y such that for all n < ω, the collection Vn is discrete with respect
to Y. Assume that for all V ∈ V , V ∩ Y = ∅. For all n < ω, since Vn is discrete with
respect to Y, the collection {V : V ∈ Vn} is discrete with respect to Y. For each n < ω
let Gn = {G(V,n): V ∈ Vn} be a collection of open subsets of X discrete with respect
to Y such that for all V ∈ Vn, V ∩ Y ⊆ G(V,n) ⊆ X\(⋃(Vn\{V }))and G(V,n) ⊆ U for
some U ∈ U . For each n < ω let Fn =⋃Vn. For each V ∈ V0 let H(V,0) = G(V,0). For
each 0 < n < ω and V ∈ Vn let H(V,n) = G(V,n)\⋃{Fk: k < n}. For each n < ω let
Hn = {H(V,n): V ∈ Vn} and let H=⋃{Hn: n < ω}. Clearly Hn is discrete with respect
to Y for all n < ω. We now show that H covers Y and is locally finite with respect to Y.
Let y ∈ Y. Let n = min{k < ω: y ∈ Fk}. Since y ∈ Y ∩ Fn and Vn is discrete with
respect to Y, there is a V ∈ Vn with y ∈ V ∩ Y ⊆ G(V,n) and so y ∈ H(V,n). Let m =
min{k < ω: y ∈ ⋃Vk} and V ′ ∈ Vm such that y ∈ V ′. Since V ′ ⊆ Fm, V ′ is an open
neighborhood of y missing all members of Hk for all m< k < ω. For all k m, since the
collection Gk and hence Hk is discrete with respect to Y, let Ok be an open neighborhood
of y meeting at most one member ofHk. Then V ′ ∩O0 ∩· · ·∩Om is an open neighborhood
of y meeting only finitely many members of H. 
Theorem 16. A subspace Y is strongly star normal in X if and only if Y is Aull paracom-
pact in X.
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of X covering Y. For each y ∈ Y let Wy be an open neighborhood of y such that Wy ∩
Y ⊆ U for some U ∈ U . By Lemma 14 let V be an open partial refinement of {Wy : y ∈ Y }
covering Y locally finite on
⋃V . Thus V is a partial refinement of U locally finite on ⋃V .
Since for all V ∈ V there is a U ∈ U such that V ∩ Y ⊆ U, by Lemma 8, U has an open
partial refinement G covering ⋃V which star refines U at every point of ⋃V . Thus the
collection G∗ = {G ∩ (⋃V): G ∈ G} is a partial refinement of U covering ⋃V =⋃G∗
that star refines U at every point of ⋃G∗.
(⇒) (Proceeding much as in the proof of Lemma 5.1.16 of [8]) Suppose that Y is
strongly star normal in X. Let U = {Uα: α < λ} be a collection of open subsets of X
covering Y . Set Uo = U and, using Lemma 4, let U1,U2, . . . be a sequence of collections
of open subsets of X covering Y such that for all n < ω
(1) for all U ∈ Un+1 there is a U ′ ∈ Un such that st(U,Un+1) ⊆ U ′.
For all α < λ and n ∈ N let
U(α,n) = {x ∈ X: x has a neighborhood V with st(V ,Un) ⊆ Uα
}
.
Clearly by property (1), for all n ∈ N the collection {U(α,n): α < λ} is an open partial
refinement of U covering Y.
By (1) for all U ∈ Un+1 there is a W ∈ Un such that st(U,Un+1) ⊆ W. Therefore if
x ∈ U ∩ U(α,n) then W ⊆ st(x,Un) ⊆ Uα. Thus if U ∩ U(α,n) = ∅ then st(U,Un+1) ⊆
W ⊆ Uα and so U ⊆ U(α,n+ 1). Thus the following observation holds.
(2) Suppose α < λ, n ∈ N and x, y ∈ X. If x ∈ U(α,n) and
y /∈ U(α,n+ 1) then {U ∈ Un+1: x, y ∈ U} = ∅.
For each α < λ and n ∈ N let V (α,n) = U(α,n)\⋃{U(β,n+ 1): β < α}. For each n ∈ N
let Vn = {V (α,n) : α < λ}.
Let n ∈ N and α < β < λ. Suppose U ∈ Un+1 such that U ∩ V (α,n) = ∅ and
U ∩ V (β,n) = ∅. Let x ∈ U ∩ V (α,n) = ∅ and y ∈ U ∩ V (β,n) = ∅. Since α < β and
y ∈ V (β,n), y /∈ U(α,n + 1). Hence x ∈ V (α,n) ⊆ U(α,n) and y /∈ U(α,n + 1). This
contradicts condition (2) since x, y ∈ U ∈ Un+1. Thus we see that no member of Un+1 in-
tersects more than one member of Vn. Since Un+1 covers Y, the collection Vn is an open
partial refinement of U which is discrete with respect to Y.
Let y ∈ Y and α(y) = min{α < λ: y ∈ U(α,n) some n = 1,2, . . .}. Let m = min{n: y ∈
U(α(y), n)}. For all β < α(y), since y /∈ U(β,m+1), by (2) no member of Um+2 contain-
ing y meets U(β,m + 1). Thus st(y,Um+2) ∩ (⋃{U(β,m + 1): β < α(y)}) = ∅ and so
y ∈ V (α(y),m). Hence the collection V =⋃{Vn: 0 < n< ω} is an open partial refinement
of U covering Y such that for all 0 < n< ω, the collection Vn is discrete with respect to Y.
Thus by Lemma 15 Y is Aull paracompact in X. 
The following gives a positive answer to Problem 12 of [2].
Corollary 17. If Y is strongly star normal in X then Y is 2-paracompact in X.
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Thus we can give a positive answer to Problem 8 of [2].
Corollary 18. If Y is properly metrizable in X then Y is strongly star normal in X.
By Corollary 7 if Y is 1-fully normal in a space X then Y is strongly star normal in X.
Thus the following holds.
Corollary 19. Suppose that Y is 1-fully normal in X. Then Y is Aull paracompact in X
and Y is 2-paracompact in X.
3. Examples
Example 20. A regular space X having a closed discrete subspace which is not 2-fully
normal or 2-paracompact in X.
Let X = R × [0,∞) with the tangent disk topology, see Example 82 of [13], and Y =
R × {0}. Then Y is a closed discrete subspace of X. The subspace Y is not 2-paracompact
in X or 2-fully normal in X for the same reason that X is not paracompact.
Example 21. A compact space X having a subspace which is not α-star normal in X.
Let X = (ω1 +1)× (ω+1) with the product topology and Y = X\{(ω1,ω)} (Tychonoff
plank). Then since X is compact Y (and every other subspace of X) is 1-fully normal and
1-paracompact in X. However since Y is an open subspace of X and is not paracompact it
cannot be α-star normal in X.
Example 22 [9]. A space X having a dense subset Y which is compact in X from inside
but not star normal in X.
Let Y = [0,1]2 with the tangent disk topology. For all x ∈ [0,1] and n ∈ N let U(x,n) =
{(x,0)} ∪ {(y, z) ∈ Y : (y − x)2 + z2 < 1
n2
}. Let Q = Q × {0} and P = ([0,1]\Q) × {0}
and note that P and Q are disjoint closed subsets of Y which cannot be separated by open
sets. Let A be a mad family of infinite subsets of Q and B be a mad family of countably
infinite subsets of P. Let X = Y ∪A∪B. Topologize X so that Y is an open subspace and
for A ∈A and B ∈ B basic open sets are of the form:
• {A} ∪ (⋃{U(x,nx): x ∈ A\F }), for finite F ⊂ A and nx ∈ N,
• {B} ∪ (⋃{U(x,mx): x ∈ B\G}), for finite G ⊂ B and mx ∈ N.
In [9] it is noted that if C is a closed subset of X contained in Y then C ∩ I × {0} is
finite and so Y is compact in X from inside.
Let P ′ = P ∪ B and Q′ = Q ∪A. Let U = {X\P ′,X\Q′} and V an open refinement
of U covering Y . Since P and Q cannot be separated by open subsets there is a y ∈ Y and
884 E. Grabner et al. / Topology and its Applications 153 (2005) 874–885V,V ′ ∈ (V)y such that V ∩ P = ∅ and V ′ ∩ Q = ∅. Thus st(y,V)  X\P ′ and st(y,V) 
X\Q′ and so V cannot star refine U on Y. Hence Y is not star normal in X.
Example 23 [11]. A T2 Lindelöf space X having a subspace which is 2-strongly star nor-
mal in X but not 2-fully normal in X.
Let Y and Z be disjoint subsets of R\Q such that for every nonempty open subset
U of R |U ∩ Y | = ω1 = |U ∩ Z|. Well order Q, Y , and Z, say Q = {qn: n < ω}, Y =
{yα: α < ω1} and Z = {zα: α < ω1}.
For any set A ⊆ R let qA = {n < ω: qn ∈ A}, yA = {α < ω1: yα ∈ A} and zA =
{α < ω1: zα ∈ A}.
Let X = (R × {0,1})∪ (Y ∪Z ∪ Q)∪ (ω1 ×ω × {0,1}) and define a topology on X as
follows:
(1) All points of ω1 ×ω × {0,1} are isolated.
(2) For all α < ω1 a basic open neighborhood of yα [zα] is of the form
{yα} ∪
({α} ×q U × {0}
) [{zα} ∪
({α} ×q U × {1}
)]
where U is an open neighborhood of yα[zα] in R.
(3) For all n < ω a basic open neighborhood of qn is of the form
{qn} ∪
(
(α,ω1)× {n} × {0,1}
)
where α < ω1.
(4) For all x ∈ R a basic open neighborhood of (x,0) [(x,1)] is of the form
([x, a)× {0})∪ ((x, a)∩ (Y ∪ Q))∪ (
y
(x, a)×q (x, a)× {0}
)
∪ ((α,ω1)×q (x, a)× {0,1}
)
where a ∈ R, x < a and α < ω1.[(
(b, x] × {1})∪ ((b, x)∩ (Z ∪ Q))∪ (z(b, x)×q (b, x)× {1}
)
∪ ((β,ω1)×q (b, x)× {0,1}
)
where b ∈ R, b < x and β < ω1.
]
The space X is T2 Lindelöf but not regular. The subspace Y ∪ Z ∪ Q is 1-paracompact
in X but not collectionwise normal in X [11] and thus Y ∪ Z ∪ Q is not 2-fully normal
in X. On the other hand it is readily seen that Y ∪Z ∪ Q is 2-strongly star normal in X.
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